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The goal of the present paper is to state and prove a new identity for
Schur Q-functions.
We recall Schur's original definition of these functions, which appeared
w x  .in S . Let x s x , x , . . . be an infinite sequence of independent indeter-1 2
minates. The following identity between formal power series in t
1 q x ti as Q x t .  a1 y x tiG1 i a
 .defines symmetric functions Q s Q x in x , x , . . . for all nonnegativea a 1 2
 .integers a with Q s 1 . Directly from the definition it follows that0
ay1 Q ? Q s 0 1 .  . a b
aqbsc
for all c G 1.
For integers a , a G 0, we define1 2
a2
iQ s Q ? Q q 2 y1 Q ? Q . 2 .  .a a a a a qi a yi1 2 1 2 1 2
is1
 .By 1 we have Q s yQ ; in particular Q s 0 when a s a .a a a a a a 1 21 2 2 1 1 2
Notice that Q s Q s yQ . Also, in general, it is sufficient to indexa0 a 0 a
Schur Q-functions by strict partitions, though for formal reasons it is
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convenient to extend the range of indices to the sequences of positive
integers, or even to the sequences of nonnegative integers having at most
one zero placed at the end.
 .  .mLet a , . . . , a g N* . We define, recurrently on m, the Schur1 m
Q-function Q s Q as follows. If m is odd, thena ? ? ?a a , . . . , a .1 m 1 m
Q s Q ? Q y Q ? Q q ??? qQ ? Q . 3 .a ? ? ?a a a ? ? ?a a a a ? ? ?a a a ? ? ?a1 m 1 2 m 2 1 3 m m 1 my1
If m is even, then
Q s Q ? Q y Q ? Q q ??? qQ ? Q .a ? ? ?a a a a ? ? ?a a a a a ? ? ?a a a a ? ? ?a1 m 1 2 3 m 1 3 2 4 m 1 m 2 my1
4 .
Of course, this definition can be restated, more compactly, using appropri-
ate Pfaffians. Namely, we have
Q s Pf Q .a ? ? ?a a a1 m i j 1F i , jFm
for m even, and
Q s Pf Q , .a ? ? ?a b b1 m i j 1F i , jFmq1
 .  .for m odd, where b , . . . , b , b s a , . . . , a , 0 . We then record the1 m mq1 1 m
 .following property. For a permutation s g S the mth symmetric group ,m
Q s sgn s Q . 5 .  .a ? ? ?a a ? ? ?as 1. s m . 1 m
 .  .Notice that Eq. 3 also holds for m even, and Eq. 4 also holds for m
 .  .modd. This can be restated as follows. Letting, for a , . . . , a g N* ,1 m
 .  .Q s Q , Equations 3 and 4 hold true if we formally seta ? ? ?a 0 a ? ? ?a1 m 1 m
a s 0.m
The above algebraic properties will be sufficient for the purposes of the
present paper. For more about Schur Q-functions and their algebraic
w xapplications, the reader is referred to H-H and especially to Schur's
w xoriginal paper S . For recent geometric applications of these functions to
enumerative geometry of degeneracy loci and cohomology rings of isotropic
w xGrassmannians, see P1, P2 .
 4We define G to be the polynomial algebra in Q : a G 1 over Z and calla
it the ring of Schur Q-functions. We consider G as a graded ring where
degQ s a. We denote by L the ring of symmetric functions; recall thata
w xL s Z e , e , . . . where e is the ith elementary symmetric function.1 2 i
Let h : L ª G be the ring homomorphism from the ring of symmetric
 .functions to the ring of Schur Q-functions, defined by h e s Q . The goali i
of the present paper is to give an explicit expression for the image under h
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 .of an arbitrary S-function, h s , as a quadratic polynomial in Schurl
Q-functions. This will be a consequence of a more general identity given in
Theorem 4 which is the principal result of the present paper. The main
results are illustrated by examples and accompanied by a geometric
 .application Proposition 8 which was, in fact, the main author's motivation
of the present research.
To state our results we need some notation. For a sequence A s
 .  .a , . . . , a and a subsequence B of A, i.e., B s a , . . . , a with 1 F i1 n i i 11 k
- ??? - i F n, we denote by A R B the subsequence of A obtained byk
 4removing a , . . . , a from A and leaving the remaining a's in the originali i1 k
 .ordering. Given additionally a sequence B s b , . . . , b , we denote by1 n
 .AaB the sequence a , b , a , b , . . . , a , b . We will identify a subse-1 1 2 2 n n
 .quence a , . . . , a of A with the subsequence of AaB, which occupiesi i1 k
the places numbered by 2 i y 1, . . . , 2 i y 1. Similarly, we will identify a1 k
 .subsequence b , . . . , b of B with the subsequence of AaB, whichi i1 k
occupies the places numbered by 2 i , . . . , 2 i .1 k
 .THEOREM 1. Suppose that l s a , . . . , a N b , . . . , b is a partition1 n 1 n
 . written in Frobenius notation. Then, for A s a , . . . , a [ a q 1, . . . ,1 n 1
.  .a q 1 and B [ b , . . . , b ,n 1 n
Det Q q Q ? Q s Q ? Q , . a b a b a , . . . , a . AaB R a , . . . , a .i j i j i i i i1F i , jFn 1 k 1 k
where the sum of o¨er all sequences 1 F i - ??? - i F n and k s1 k
0, 1, . . . , n.
COROLLARY 2. In the notation of Theorem 1,
1
h s s Q ? Q , . l a , . . . , a . AaB R a , . . . , a .n i i i i1 k 1 k2
the sum as in the theorem.
 w x.Indeed, using Giambelli's hook-formula for s see G , the equalityl
1
h s s Q q Q ? Q .  .a N b . aq1, b . aq1 b2
 w x.see, e.g., J-P , and Theorem 1, we get
1
h s s Det Q q Q ? Q .  .l a b a bi j i j /2 1F i , jFn
1
s Q ? Q , a , . . . , a . AaB R a , . . . , a .n i i i i1 k 1 k2
the sum as asserted.
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Note that for A s B, Theorem 1 says
Det Q q Q ? Q s Q2 .b b b b b ? ? ? bi j i j 1 n1F i , jFn
and was proved originally by Macdonald, answering a conjecture of De
 w x. w xConcini see J-P, Remark 2 , and by You Y .
 .  .  .EXAMPLE 3. a With A s 2, 1 and B s 3, 1 , we have
1
h s s Q ? Q y Q ? Q . .  .2221 21 31 1 32122
  . .Here, n s 2, AaB s 2, 3, 1, 1 .
 .  .b Note that h s is not always a positive combination of Q-func-l
 .  .tions. For instance, with A s 5, 4, 3 , B s 6, 2, 1 , and AaB s
 . 3  .5, 6, 4, 2, 3, 1 , the decomposition of 2 h s is equal to5553111
Q q Q ? Q q Q ? Q q Q ? Q564231 5 64231 4 56231 3 56421
q Q ? Q q Q ? Q q Q ? Q q Q ? Q54 6231 53 6421 43 5621 543 621
s Q y Q ? Q q Q ? Q y Q ? Q654321 5 64321 4 65321 3 65421
y Q ? Q q Q ? Q y Q ? Q q Q ? Q54 6321 53 6421 43 6521 543 621
and its decomposition into Q-functions contains the following negative
combination of Q-functions:
y8Q y 10Q y 108Q y 60Q .9543 95421 85431 75432
To show Theorem 1, we prove the following more general result. Let us
fix a commutative ring with unity. Suppose that for every sequence
 .  .m wa , . . . ,a g N* , where m g N, there is an associated element a ???1 m 1
x w .x w xa s a , . . . , a of the ring. The empty bracket is the unity of them 1 m
w x4ring. Moreover, assume that the family a ??? a satisfies the following1 m
three conditions.
For a permutation s g S ,m
w x w xa ??? a s sgn s a ??? a . 6 .  .s 1. s m. 1 m
If m is odd, then
w x w x w x w x w xa ??? a s a a ??? a y a a a ??? a1 m 1 2 m 2 1 3 m
w x w xq ??? q a a ??? a . 7 .m 1 my1
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If m is even, then
w x w x w x w x w xa ??? a s a a a ??? a y a a a a ??? a1 m 1 2 3 m 1 3 2 4 m
w x w xq ??? q a a a ??? a . 8 .1 m 2 my1
w x  .  .For instance, a ??? a s Q satisfy 6 ] 8 in the ring G of Schur1 m a ? ? ?a1 m
Q-functions.
 .  .  .nTHEOREM 4. For A s a , . . . , a , B s b , . . . , b g N* one has1 n 1 n
w x w xDet a b q a b s a ??? a AaB R a , . . . , a , . . i j i j i i i i1Fi , jFn 1 k 1 k
where the sum is o¨er all sequences 1 F i - ??? - i F n and k s 0, 1, . . . , n.1 k
In the proof of the theorem, we will need some additional notation.
Given a subset C of the set of the elements of a certain fixed sequence, we
 .denote by C the subsequence of this sequence formed by the elements
of C.
Moreover, in the proof of the theorem we will use the following
LEMMA 5. For any pair of different numbers i, j s 1, . . . , n and a se-
quence 1 F i - ??? - i F n where all i are different from j, the element1 k p
iq jy1 A R a a B R b R a , . . . , a .  .  . .j i i i1 k
is equal to
cy1 AaB R a , b , a , . . . , a , 4 .  .j i i i1 k
 4  4where c s 1 q card p : i - i - j for i - j and c s card p : j - i F i forp p
i ) j.
Proof. Assume first k s 0.
 .If i - j, we pass from AaB R b , a , i.e.,i j
a , b , . . . , a , a , b , a , b , . . . , a , 1 1 i iq1 iq1 iq2 iq2 jy1
b , b , a , b , . . . , a , b .jy1 j jq1 jq1 n n
to
a , b , . . . , a , b , a , b , . . . , a , b , 1 1 i iq1 iq1 iq2 jy2 jy1
a , b , a , b , . . . , a , b ,.jy1 j jq1 jq1 n n
 .  .i.e., A R a a B R b by transposing a and b , a andj i iq1 iq1 iq2
b , . . . , a and b . The number of these transpositions is j y i y 1,iq2 jy1 jy1
and thus c s 1 in this case.
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 .If i ) j, we pass from AaB R a , b , i.e.,j i
a , b , . . . , b , b , a , b , a , . . . , b , 1 1 jy1 j jq1 jq1 jq2 iy2
a , b , a , a , . . . , a , b .iy1 iy1 i iq1 n n
to
a , b , . . . , b , a , b , a , b , . . . , a , 1 1 jy1 jq1 j jq2 jq1 iy1
b , a , b , a , . . . , a , b ,.iy2 i iy1 iq1 n n
 .  .i.e., A R a a B R b by transposing b and a , b and a , . . . , bj i j jq1 jq1 jq2 iy1
and a . The number of these transpositions is i y j and thus c s 0 in thisi
case.
 .If k ) 0, we do not perform the transpositions involving a i - i - ji pp
 .if i - j, and a j - i F i if i ) j, and the assertion follows.i pp
Proof of Theorem 4. Define two n = n matrices
w xX s a b and Y s a b , .  .i j i j1Fi , jFn 1Fi , jFn
 .so that we want to compute Det X q Y . We claim that
Det X q Y s Det X q Tr n ny1 X ? Y . 9 .  .  .  . .
Indeed, this follows from a familiar identity
n
n nyi in X q Y s Tr n X ? n Y .  .  . .
is0
 w x.see, e.g., J-P by observing that the rank of Y is equal to 1.
We now claim that
w xDet X s a ??? a AaB R a , . . . , a , 10 .  .  . i i i i1 k 1 k
where the sum is over all sequences 1 F i - ??? - i F n with k even1 k
 .k s 0 is included . To prove this, we use induction on n. For n s 1 the
assertion is obviously true. Using the Laplace expansion along the first row
 .of X and the induction assumption, Det X is equal to
n
iq1w x w xy1 a b a ??? a A R a a B R b R a , . . . , a , .  .  .  .  .1 i i i 1 i i i1 k 1 k
is1
11 .
where the latter sum is over all sequences 2 F i - ??? - i F n and1 k
k s 0, 2, 4, . . . .
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Let us fix an arbitrary even k s 0, 2, . . . By Lemma 5 the element
iq1y1 A R a a B R b R a , . . . , a .  .  .  .1 i i i1 k
is equal to
 4card h : i -ihy1 AaB R a , a , . . . , a , b . 4 .  .1 i i i1 k
 .  .Therefore, using 8 , the contribution in 11 of the summands correspond-
ing to k is equal to
w xa ??? a AaB R a , . . . , a . i i i i1 k 1 k
2Fi - ??? -i Fn1 k
w x w xq " a a a ??? a  1 p i i1 k
2Fi - ??? -i Fn p/1, i , . . . , i1 k 1 k
 4= AaB R a , a , . . . , a , a , .1 i i p1 k
12 .
 .  .where the sign " equals q resp. y if a occupies an odd resp. evenp
 .place in the sequence AaB R a , . . . , a . For example, such a contribu-i i1 k
tion for k s 0 equals
w x w xAaB q a a AaB R a , a . . 1 j 1 j
jG2
Let us now fix a positive even k together with a sequence of integers
2 F j - ??? - j F n, and look at all the summands appearing in the1 kq1
 .last two lines of 12 , for which
 4  4j , . . . , j s p , i , . . . , i .1 kq1 1 k
Observe that the summand
w x w x" a a a ??? a a ??? a1 j j j j jq 1 qy1 qq1 kq1
 .appears with sign q iff q is odd. Hence using 8 ,
w xa a ??? a1 j j1 kq1
w x w x w x w xs a a a ??? a y a a a a ??? a1 j j j 1 j j j j1 2 kq1 2 1 3 kq1
w x w xq ??? q a a a ??? a ,1 j j jkq 1 1 k
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 .the expression 12 is rewritten in the form
w xa ??? a AaB R a , . . . , a . i i i i1 k 1 k
2Fi - ??? -i Fn1 k
w xq a a ??? a AaB R a , a , . . . , a . . 1 j j 1 j j1 kq1 1 kq1
2Fj - ??? -j Fn1 kq1
 .Summing all these contributions for k s 0, 2, 4, . . . , Eq. 10 follows. See
also Example 6.
Next, we claim that
ny1 w xTr n X ? Y s a ??? a AaB R a , . . . , a , 13 .  .  . .  i i i i1 k 1 k
where the sum is over all sequences 1 F i - ??? - i F n with k odd.1 k
 . ny1 .  .The i, j th entry of n X computed with the help of 10 is
iq j w xy1 a ??? a A R a a B R b R a , . . . , a , 14 .  .  .  . . i i j i i i1 k 1 k
where the sum is over all sequences 1 F i - ??? - i F n such that each1 k
i is different from j, and k s 0, 2, 4, . . . is even. Thenp
Tr n ny1 X ? Y . .
n
iq j w x w x w xs y1 a b a ??? a A R a a B R b R .  . . j i i i j i1 k
i , js1
a , . . . , a , 15 .  ./i i1 k
 .where the latter sum is as in 14 . Now let us fix j s 1, . . . , n and then also
fix an arbitrary even k together with a sequence 1 F i - ??? - i F n1 k
such that each i is different from j. Consider only the summandsp
 .corresponding to these fixed j and i , . . . , i :1 k
n
iq jw x w x w xa a ??? a y1 b A R a a B R b R a , . . . , a . .  .  . .j i i i j i i i1 k 1 k
is1
16 .
 .  .Using Lemma 5 and 7 , the expression 16 is rewritten as
 4card h : i -jh w x w x  4y1 a a ??? a AaB R a , a , . . . , a .  .j i i j i i1 k 1 k
w x w x w x  4q " a a a ??? a AaB R a , a , a , . . . , a , 17 . . p j i i p j i i1 k 1 k
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 4where the last sum is over a g A R a , a , . . . , a . Here, the sign " isp j i i1 k
 .cardh : i h - j4   .cardh : i h - j4.  .y1 resp. y y1 if a occupies an even resp. oddp
 4.  .place in the sequence AaB R a , a , . . . , a . Suppose that a resp. aj i i j p1 k
 .  4.occupies the sth resp. t th place in the sequence AaB R a , a , . . . , ap i i1 k
  4..resp. AaB R a , a , . . . , a . Then s and t are of different parity if thej i i1 k
cardinality of the i 's between p and j is even, and s and t are of the sameh
parity if this cardinality is odd. This altogether implies that the sign " in
 .  .the expressions 17 with fixed i , . . . , i is an antisymmetric function of1 k
 .the pair a , a .p j
 . Consequently, for fixed i , . . . , i , the sum over j different from each1 k
.  .i of the expressions 17 becomesp
 4card h : i -jh w x w x  4y1 a a ??? a AaB R a , a , . . . , a , 18 .  . . j i i j i i1 k 1 k
the sum over j different from each i .p
 .Now, keeping k fixed, let us make additionally i , . . . , i vary. Fix a1 k
sequence 1 F j - ??? - j F n, and look at the summands appearing in1 kq1
 .the expressions 18 , for which
 4  4j, i , . . . , i s j , . . . , j .1 k 1 kq1
Observe that the summand
w x w x" a a ??? a a ??? aj j j j jq 1 qy1 qq1 kq1
 .appears with sign q iff q is odd. Hence, using 7 ,
w xa ??? aj j1 kq1
w x w x w x w xs a a ??? a y a a a ??? aj j j j j j j1 2 kq1 2 1 3 kq1
w x w xq ??? q a a ??? a ,j j jkq 1 1 k
 .the sum of expressions 18 with k fixed, is equal to
w xa ??? a AaB R a , . . . , a . . j j j j1 kq1 1 kq1
1Fj - ??? -j Fn1 kq1
 ny1 . .  .This is the contribution to Tr n X ? Y of the summands in 15 ,
associated with k.
Summing all these contributions for k s 0, 2, 4, . . . , we get
w xa ??? a AaB R a , . . . , a , . i i i i1 l 1 l
1Fi - ??? -i Fn1 l
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the sum over all sequences 1 F i - ??? - i F n where l s 1, 3, . . . runs1 l
 .over odd positive integers, and Eq. 13 follows. See also Example 7.
 .  .  .Equations 9 , 10 , and 13 imply the assertion of Theorem 4.
Of course, Theorem 4 implies Theorem 1 if b / 0. It implies Theoremn
 .  . w x 1 also if b s 0 because Eqs. 7 and 8 with a ??? a s Q i.e.,n 1 m a ? ? ? a1 m
 .  ..Eqs. 3 and 4 hold true if we formally put a s 0. Notice that we onlym
 .  .  .use Eqs. 3 and 4 and we do not need Eq. 2 .
For the reader's convenience we provide the following two examples.
 .EXAMPLE 6. We illustrate the proof of 10 by the example of n s 4.
Using the Laplace expansion along the first row and the case n s 3, we
have
w x w x w x w xa b a b a b a b1 1 1 2 1 3 1 4
w x w x w x w xa b a b a b a b2 1 2 2 2 3 2 4
w x w x w x w xa b a b a b a b3 1 3 2 3 3 3 4
w x w x w x w xa b a b a b a b4 1 4 2 4 3 4 4
w x w x w x w x w x w xs a b a b a b a b q a a b b a b q a a b a b b1 1 2 2 3 3 4 4 2 3 2 3 4 4 2 4 2 3 3 4
w x w x w x w xq a a a b b b y a b a b a b a b. 3 4 2 2 3 4 1 2 2 1 3 3 4 4
w x w x w x w xq a a b b a b q a a b a b b2 3 1 3 4 4 2 4 1 3 3 4
w x w x w x w xq a a a b b b q a b a b a b a b. 3 4 2 1 3 4 1 3 2 1 3 2 4 4
w x w x w x w x w x w xq a a b b a b q a a b a b b q a a a b b b .2 3 1 2 4 4 2 4 1 3 2 4 3 4 2 1 2 4
w x w x w x w xy a b a b a b a b q a a b b a b1 4 2 1 3 2 4 3 2 3 1 2 4 3
w x w x w x w xq a a b a b b q a a a b b b ..2 4 1 3 2 3 3 4 2 1 2 3
The contribution coming from the first summands in the brackets, using
 .8 , is
w x w x w xa b a b a b a b q a a b b a b a b1 1 2 2 3 3 4 4 1 2 1 2 3 3 4 4
w x w x w x w xq a a b a b b a b q a a b a b a b b .1 3 1 2 2 3 4 4 1 4 1 2 2 3 3 4
  . .This corresponds to the case k s 0 in the proof of 10 . The contribution
 .coming from the second summands in the brackets, using 8 , is
w x w x w x w xa a a b b b a b q a a b b b b . 19 . .2 3 1 1 2 3 4 4 1 4 1 2 3 4
The contribution coming from the third summands in the brackets, using
 .8 , is
w x w x w x w xa a a b b a b b y a a b b b b . 20 . .2 4 1 1 2 3 3 4 1 3 1 2 3 4
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The contribution coming from the fourth summands in the brackets, using
 .8 , is
w x w x w x w xa a a b a b b b q a a b b b b . 21 . .3 4 1 2 2 2 3 4 1 2 1 2 3 4
 .  .We use 8 once again to present the sum of the second summands in 19 ,
 .  .20 , and 21 as
w x w xa a a a b b b b . 22 .1 2 3 4 1 2 3 4
  .  .  .  .The contributions 19 , 20 , 21 , and 22 correspond to the case k s 2 in
 . .the proof of 10 .
This ends the example.
 .EXAMPLE 7. We illustrate the proof of 13 by the example of n s 3.
2 .Then n X is the matrix
w x w x w xa b a b y a b a b a b a b2 2 3 3 1 2 3 3 1 2 2 3
w x w x w x w x w x w xq a a b b y a a b b q a a b b2 3 2 3 1 3 2 3 1 2 2 3
w x w x w xy a b a b a b a b y a b a b2 1 3 3 1 1 3 3 1 1 2 3
w x w x w x w x w x w xy a a b b q a a b b y a a b b2 3 1 3 1 3 1 3 1 2 1 3
w x w x w xa b a b y a b a b a b a b2 1 3 2 1 1 3 2 1 1 2 2
w x w x w x w x w x w xq a a b b y a a b b q a a b b2 3 1 2 1 3 1 2 1 2 1 2
 .  2 . .by 10 . Therefore Tr n X ? Y , in this case, is equal to
w x w x w x w x w xa b a b q a a b b a b .2 2 3 3 2 3 2 3 1 1
w x w x w x w x w xy a b a b q a a b b a b .2 1 3 3 2 3 1 3 1 2
w x w x w x w x w xa b a b q a a b b a b .2 1 3 2 2 3 1 2 1 3
w x w x w x w x w xy a b a b q a a b b a b .1 2 3 3 1 3 2 3 2 1
w x w x w x w x w xa b a b q a a b b a b .1 1 3 3 1 3 1 3 2 2
w x w x w x w x w xy a b a b q a a b b a b .1 1 3 2 1 3 1 2 2 3
w x w x w x w x w xa b a b q a a b b a b .1 2 2 3 1 2 2 3 3 1
w x w x w x w x w xy a b a b q a a b b a b .1 1 2 3 1 2 1 3 3 2
w x w x w x w x w xa b a b q a a b b a b . .1 1 2 2 1 2 1 2 3 3
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 .Using 7 , the contribution of the first column in the three displayed blocks
is
w x w x w x w x w x w xa b a b a b q a a b b a b q a a b a b b1 1 2 2 3 3 2 1 1 2 3 3 3 1 1 2 2 3
after the cancellation of three pairs of pairwise opposite elements:
w x w x.w x w x w x.w xfrom the first block, a y a b b a b , a y a b a b b ;1 2 1 2 3 3 1 3 1 2 2 3
w xw xw x w x w x.w xfrom the second block, a a b b a b , a y a a b b b ;2 1 1 2 3 3 2 3 1 1 2 3
w xw xw x w xw xw x.from the third block, a a b a b b , a a a b b b .3 1 1 2 2 3 3 2 1 1 2 3
  . .This corresponds to the case k s 0 in the proof of 13 .
The contribution of the latter column in the first block is
w x w x w xa a a b b b . 23 .1 2 3 1 2 3
The contribution of the latter column in the second block is
w x w x w xy a a a b b b . 24 .2 1 3 1 2 3
The contribution of the latter column in the third block is
w x w x w xa a a b b b . 25 .3 1 2 1 2 3
 .Thus, using 7 , the latter columns in the blocks contribute in sum to
w x w xa a a b b b . 26 .1 2 3 1 2 3
  .  .  .  .The contributions 23 , 24 , 25 , and 26 correspond to the case k s 2 in
 .the proof of 13 . Here we have no further cancellations because of the
.absence of the a's in the latter brackets.
This ends the example.
We can restate Corollary 2 in geometric terms. Let V be a complex
vector space of dimension 2n endowed with a nondegenerate symplectic
form. Denote by G the Grassmannian of n-dimensional subspaces in V
and by G9 the Lagrangian Grassmannian of n-dimensional subspaces in V,
which are isotropic w.r.t. the symplectic form.
 n.Given a partition l ; n , we define the Schubert class s to be thel
Poincare dual to the fundamental class of the cycle on G defined byÂ
L g G : dim L l V G i , i s 1, . . . , n , 4 .nq iyl i
 .where 0 s V ; V ; V ; ??? ; V ; V s V is a flag with dim V0 1 2 2 ny1 2 n i
s i.
A NEW IDENTITY FOR Q-FUNCTIONS 585
 .Similarly, given a strict partition m ; n, n y 1, . . . , 1 , we define the
Schubert class s X to be the Poincare dual to the fundamental class of theÂm
cycle on G9 defined by
L g G9 : dim L l W G i , i s 1, . . . , l m , . 4 .nq1ym i
where 0 s W ; W ; W ; ??? ; W ; V is an isotropic flag with0 1 2 n
 .dim W s i.i
To state the next proposition, we need the following notation. Given a
 .sequence of different positive integers C s c , . . . , c , there is a permuta-1 l
tion m s m g S such that c ) ??? ) c ) 0. Denote this last-men-C l m1. m l .
 :tioned strict partition by C .
 .PROPOSITION 8. Let i : G9 ¨ G be the inclusion and i* : H* G, Q ª
 .H* G9, Q be the induced homomorphism of the cohomology rings. Then, for
any partition l, using the notation of Theorem 1, one has the equality
1
X Xi* s s s ? sgn m ? s , .  .l a , . . . , a . C i , . . . , i . C i , . . . , i .:n i i 1 k 1 k1 k2
where the sum is o¨er all sequences 1 F i - ??? - i F n for which1 k
 .  .C i , . . . , i [ AaB R a , . . . , a is a sequence of different integers.1 k i i1 k
The assertion of the proposition is a restatement of the formula for
 .  .h s in Corollary 2. We invoke that H* G is a quotient of L and s isl l
 .the image of s by the Giambelli formula of the Schubert Calculus .l
 . XOn the other hand, H* G9 is a quotient of G and s is the image of Qm m
 w x.by a result from P2, Sec. 6 . Using these identifications i* is induced
 k. X  k.by h. This follows, e.g., by remarking that s s c S and s s c i*S ,i i i i
 . Xwhere S is the tautological vector bundle on G. Hence i* s s si i
 .and this equality corresponds to the algebraic equality h e s Q definingi i
h : L ª G.
 .  .Notice see Example 3 that i* s is not, in general, a positive combina-l
tion of the s X 's.m
By exchanging a for b and vice versa in Theorem 4, we get thei i
following identity.
COROLLARY 9. In the situation of Theorem 4, one also has
w xDet a b q a b s b ??? b AaB R b , . . . , b , . . i j i j i i i i1Fi , jFn 1 k 1 k
where the sum is o¨er sequences 1 F i - ??? - i F n and k s 0, 1, . . . , n.1 k
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 .  .n  .Observe that under this exchange, the LHS of 10 goes to y1 Det X
whereas its RHS goes to
b ??? b BaA R b , . . . , b . i i i i1 k 1 k
 .n nyks y1 b ??? b AaB R b , . . . , b , .  . i i i i1 k 1 k
where the sum is over all sequences 1 F i - ??? - i F n with k even.1 k
 .Under the same exchange, the LHS of 13 goes to
 .nny1.  ny1 . .y1 Tr n X ? Y whereas its RHS goes to
 .n nyky1 b ??? b AaB R b , . . . , b , .  . i i i i1 k 1 k
where the sum is over all sequences 1 F i - ??? - i F n with k odd.1 k
 .  .  .  . Since n ' n n y k mod 2 for k even, and n n y 1 ' n n y k mod
.2 for k odd, the assertion of the corollary follows.
 .  .Note. 1 This paper is a revised version of Preprint 573 April 1997
of Institute of Mathematics of Polish Academy of Sciences.
 .2 B. Leclerc has informed me recently that he and S. Leidwanger
have independently obtained a formula essentially equivalent to our Theo-
rem 1 using the representation theory of affine Lie algebras}see their
w xrecent preprint L-L2 .
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